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ASYMPTOTICALLY WEYL ALMOST PERIODIC FUNCTIONS
IN LEBESGUE SPACES WITH VARIABLE EXPONENTS
MARKO KOSTIC´
Abstract. In this paper, we introduce and analyze several different notions
of Weyl almost periodic functions and Weyl ergodic components in Lebesgue
spaces with variable exponent Lp(x). We investigate the invariance of (asymp-
totical) Weyl almost periodicity with variable exponent under the actions of
convolution products, providing also some illustrative applications to abstract
fractional differential inclusions in Banach spaces. The introduced classes of
generalized (asymptotically) Weyl almost periodic functions are new even in
the case that the function p(x) has a constant value p ≥ 1, provided that
the functions φ(x) and F (l, t) under our consideration satisfy φ(x) 6= x or
F (l, t) 6= l(−1)/p.
1. Introduction and preliminaries
In our joint papers with T. Diagana [6]-[7], we have recently introduced and an-
alyzed several important classes of (asymptotically) Stepanov almost periodic func-
tions and (asymptotically) Stepanov almost automorphic functions in the Lebesgue
spaces with variable exponents (see also the earlier papers [8]-[9] by T. Diagana
and M. Zitane). The main purpose of paper [6] was to consider generalized almost
periodicity that intermediate Stepanov and Bohr concept. On the other hand, the
classes introduced by H. Weyl [27] and A. S. Kovanko [24] are enormously larger
compared with the class of Stepanov almost periodic functions and the main pur-
pose of papers [22]-[23] has been to initiate the study of generalized (asymptotical)
almost periodicity that intermediate Stepanov and Weyl concept. In these papers,
we have introduced the class of Stepanov p-quasi-asymptotically almost periodic
functions and proved that this class contains all asymptotically Stepanov p-almost
periodic functions and makes a subclass of the class consisting of all Weyl p-almost
periodic functions (p ∈ [1,∞)), taken in the sense of Kovanko’s approach [24]. The
main aim of this paper is to continue the research studies raised in [14] and [21]-
[23] by investigating several various classes of asymptotically Weyl almost periodic
functions in Lebesgue spaces with variable exponents Lp(x).
The organization and main ideas of paper can be briefly described as follows.
After introducing the basic concepts, in Subsection 1.1 we recall the main defini-
tions and results about Lebesgue spaces with variable exponents Lp(x). In Definition
2.1-Definition 2.3, we introduce the classes of (equi-)Weyl-(p, φ, F )-almost periodic
functions and (equi-)Weyl-(p, φ, F )i-almost periodic functions, where i = 1, 2. The
main aim of Proposition 2.5 is to clarify some inclusions between these spaces
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provided that the function φ(·) is convex and satisfies certain extra conditions.
In order to ensure the translation invariance of generalized Weyl almost periodic
functions with variable exponent, in Definition 2.7-Definition 2.9 we introduce the
classes of (equi-)Weyl-[p, φ, F ]-almost periodic functions and (equi-)Weyl-[p, φ, F ]i-
almost periodic functions, where i = 1, 2. Several useful comments about these
spaces have been provided in Remark 2.10. In Example 2.12-Example 2.13, we
focus our attention on the following special case: p(x) ≡ p ∈ [1,∞), φ(x) = x
and F (l, t) = l(−1)/pσ, σ ∈ R, which is the most important for investigation of
generalized almost periodicity that intermediates Stepanov and Weyl concept. In
Section 3, we introduce and analyze various types of Weyl ergodic components
with variable exponent and asymptotically Weyl almost periodic functions with
variable exponent. As mentioned in the abstract, the introduced classes of general-
ized (asymptotically) Weyl almost periodic functions are new even in the case that
the function p(x) has a constant value p ≥ 1 and φ(x) 6= x or F (l, t) 6= l(−1)/p(t).
From the application point of view, the main results of paper are given in Section
4, where we examine the invariance of generalized Weyl almost periodicity with
variable exponent under the action of convolution products and the convolution
invariance of Weyl almost periodic functions with variable exponent. In order to
do that, we shall basically follow the method proposed in the proof of Theorem
4.1. Section 4 contains two subsections; in Subsection 4.1, we consider the case
in which the exponent p(x) ≡ p ∈ [1,∞) is constant and solution operator fam-
ily (R(t))t>0 ⊆ L(X,Y ) has a certain growth order around the points zero, plus
infinity and, in Subsection 4.2, we provide some illustrative applications in the qual-
itative analysis of solutions to abstract degenerate fractional differential equations
with Weyl-Liouville or Caputo derivatives. The paper is not exhaustively complete
and we feel it is our duty to say that the classes of Weyl quasi-asymptotically al-
most periodic functions, Besicovitch quasi-asymptotically almost periodic functions
with constant (variable) exponent and corresponding spaces of generalized almost
automorphic functions will be considered somewhere else (cf. also the research
monographs [5] by T. Diagana and [15] by G. M. N’Gue´re´kata). Two-parameter
asymptotically Weyl almost periodic functions with variable exponents and related
composition principles will be considered somewhere else, as well (cf. the paper [4]
by F. Bedouhene, Y. Ibaouene, O. Mellah, P. Raynaud de Fitte and the research
monograph [18] by the author for further information about the subject).
We use the standard notation throughout the paper. By (X, ‖·‖) and (Y, ‖·‖Y ) we
denote two complex Banach spaces. Further on, by L(X,Y ) we denote the Banach
space consisting of all bounded linear operators from X into Y ; L(X) ≡ L(X,X).
For given constants s ∈ R and θ ∈ (0, π], we set ⌊s⌋ := sup{l ∈ Z : s ≥ l},
⌈s⌉ := inf{l ∈ Z : s ≤ l} and Σθ := {z ∈ C \ {0} : | arg(z)| < θ}. The Euler
Gamma function is denoted by Γ(·). We also set gζ(t) := tζ−1/Γ(ζ), ζ > 0. The
finite convolution operator ∗ is defined by f ∗ g(t) := ∫ t
0
f(t− s)g(s) ds; since there
is no risk for confusion, the infinite convolution product t 7→ ∫ +∞
−∞
f(t − s)g(s) ds,
t ∈ R will be denoted by the same symbol. For any function g : R → X, we define
the function gˇ : R → X by gˇ(t) := g(−t), t ∈ R. If f : I → X , where I = [0,∞) or
I = R, then we define the Bochner transform fˆ : I → Lp([0, 1] : X) of function f(·)
by fˆ(t)(s) := f(t+ s), t ∈ I, s ∈ [0, 1].
Suppose that f : [a, b]→ R is a non-negative Lebesgue-integrable function, where
a, b ∈ R, a < b, and φ : [0,∞) → R is a convex function. Let us recall that the
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Jensen integral inequality states that
φ
(
1
b− a
∫ b
a
f(x) dx
)
≤ 1
b− a
∫ b
a
φ(f(x)) dx.
Using this integral inequality, we can simply prove that, for every two sequences
(ak) and (xk) of non-negative real numbers such that
∑∞
k=0 ak = 1, we have
φ
(
∞∑
k=0
akxk
)
≤
∞∑
k=0
akφ
(
xk
)
.(1.1)
If φ : [0,∞)→ R is a concave function, then the above inequalities reverse.
Suppose that X and Y are two Banach spaces. A multivalued map (multimap)
A : X → P (Y ) is said to be a multivalued linear operator, MLO for short, iff the
following holds:
(i) D(A) := {x ∈ X : Ax 6= ∅} is a linear subspace of X ;
(ii) Ax +Ay ⊆ A(x + y), x, y ∈ D(A) and λAx ⊆ A(λx), λ ∈ C, x ∈ D(A).
In the case that X = Y, then we say that A is an MLO in X. For more details
about multivalued linear operators and degenerate resolvent operator families, the
reader may consult [13], [19] and references cited therein.
By C0([0,∞) : X) we denote the space consisting of all continuous functions f :
[0,∞)→ X such that limt→+∞ f(t) = 0. Equipped with the sup-norm, C0([0,∞) :
X) becomes a Banach space. By c0 we denote the Banach space of all numerical
sequences tending to zero, equipped with the sup-norm.
1.1. Lebesgue spaces with variable exponents Lp(x). The monograph [10] by
L. Diening, P. Harjulehto, P. Ha¨stu¨so and M. Ruzicka is of invaluable importance
in the study of Lebesgue spaces with variable exponents.
Let ∅ 6= Ω ⊆ R be a nonempty subset and let M(Ω : X) stand for the collection
of all measurable functions f : Ω → X ; M(Ω) := M(Ω : R). Furthermore, P(Ω)
denotes the vector space of all Lebesgue measurable functions p : Ω → [1,∞]. For
any p ∈ P(Ω) and f ∈M(Ω : X), set
ϕp(x)(t) :=


tp(x), t ≥ 0, 1 ≤ p(x) <∞,
0, 0 ≤ t ≤ 1, p(x) =∞,
∞, t > 1, p(x) =∞
and
ρ(f) :=
∫
Ω
ϕp(x)(‖f(x)‖) dx.(1.2)
We define the Lebesgue space Lp(x)(Ω : X) with variable exponent by
Lp(x)(Ω : X) :=
{
f ∈M(Ω : X) : lim
λ→0+
ρ(λf) = 0
}
.
Equivalently,
Lp(x)(Ω : X) =
{
f ∈M(Ω : X) : there exists λ > 0 such that ρ(λf) <∞
}
;
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see, e.g., [10, p. 73]. For every u ∈ Lp(x)(Ω : X), we introduce the Luxemburg
norm of u(·) in the following manner:
‖u‖p(x) := ‖u‖Lp(x)(Ω:X) := inf
{
λ > 0 : ρ(f/λ) ≤ 1
}
.
Equipped with the above norm, the space Lp(x)(Ω : X) becomes a Banach space
(see, e.g., [10, Theorem 3.2.7] for the scalar-valued case), coinciding with the usual
Lebesgue space Lp(Ω : X) in the case that p(x) = p ≥ 1 is a constant function. For
any p ∈M(Ω), we set
p− := essinfx∈Ωp(x) and p
+ := esssupx∈Ωp(x).
Define
C+(Ω) :=
{
p ∈M(Ω) : 1 < p− ≤ p(x) ≤ p+ <∞ for a.e. x ∈ Ω}
and
D+(Ω) :=
{
p ∈M(Ω) : 1 ≤ p− ≤ p(x) ≤ p+ <∞ for a.e. x ∈ Ω}.
For p ∈ D+(Ω), the space Lp(x)(Ω : X) behaves nicely, with almost all fundamental
properties of the Lesbesgue space with constant exponent Lp(Ω : X) being retained;
in this case, we know that the function ρ(·) given by (1.2) is modular in the sense
of [10, Definition 2.1.1], as well as that
Lp(x)(Ω : X) =
{
f ∈M(Ω : X) : for all λ > 0 we have ρ(λf) <∞
}
.
Furthermore, if p ∈ C+(Ω), then Lp(x)(Ω : X) is uniformly convex and thus reflexive
([12]).
We will use the following lemma (see, e.g., [10, Lemma 3.2.20, (3.2.22); Corollary
3.3.4; p. 77] for the scalar-valued case):
Lemma 1.1. (i) (The Ho¨lder inequality) Let p, q, r ∈ P(Ω) such that
1
q(x)
=
1
p(x)
+
1
r(x)
, x ∈ Ω.
Then, for every u ∈ Lp(x)(Ω : X) and v ∈ Lr(x)(Ω), we have uv ∈ Lq(x)(Ω :
X) and
‖uv‖q(x) ≤ 2‖u‖p(x)‖v‖r(x).
(ii) Let Ω be of a finite Lebesgue’s measure and let p, q ∈ P(Ω) such q ≤ p a.e.
on Ω. Then Lp(x)(Ω : X) is continuously embedded in Lq(x)(Ω : X).
(iii) Let f ∈ Lp(x)(Ω : X), g ∈ M(Ω : X) and 0 ≤ ‖g‖ ≤ ‖f‖ a.e. on Ω. Then
g ∈ Lp(x)(Ω : X) and ‖g‖p(x) ≤ ‖f‖p(x).
For additional details upon Lebesgue spaces with variable exponents Lp(x), we
refer the reader to the following sources: [8], [9], [12] and [25].
Before proceeding further, we need to recall the recently introduced notions of
Sp(x)-boundedness and (asymptotical) Stepanov p(x)-almost periodicity:
Definition 1.2. ([6]) Let p ∈ P([0, 1]) and let I = R or I = [0,∞). A function
f ∈M(I : X) is said to be Stepanov p(x)-bounded (or Sp(x)-bounded) iff f(·+ t) ∈
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Lp(x)([0, 1] : X) for all t ∈ I, and the sup norm of Bochner transform satisfies
supt∈I ‖f(·+ t)‖p(x) <∞; more precisely,
‖f‖Sp(x) := sup
t∈I
inf
{
λ > 0 :
∫ 1
0
ϕp(x)
(
‖f(x+ t)‖
λ
)
dx ≤ 1
}
<∞.
The collection of such functions will be denoted by L
p(x)
S (I : X).
From Definition 1.2 it follows that the space L
p(x)
S (I : X) is translation invariant
in the sense that, for every f ∈ Lp(x)S (I : X) and τ ∈ I, we have f(·+ τ) ∈ Lp(x)S (I :
X). This is not the case with the notion introduced by T. Diagana and M. Zitane
in [8]-[9].
Definition 1.3. ([6])
(i) Let p ∈ P([0, 1]) and let I = R or I = [0,∞). A function f ∈ Lp(x)S (I : X)
is said to be Stepanov p(x)-almost periodic (or Stepanov p(x)-a.p.) iff the
function fˆ : I → Lp(x)([0, 1] : X) is almost periodic. The collection of such
functions will be denoted by APSp(x)(I : X).
(ii) Let p ∈ P([0, 1]) and let I = [0,∞). A function f ∈ Lp(x)S (I : X) is said to be
asymptotically Stepanov p(x)-almost periodic (or asymptotically Stepanov
p(x)-a.p.) iff the function fˆ : I → Lp(x)([0, 1] : X) is asymptotically almost
periodic. The collection of such functions will be denoted by AAPSp(x)(I :
X).
We will extend [8, Definition 3.10] in the following way (in this paper, the authors
have considered the case I = R and p ∈ C+(R); we can extend the notion introduced
in [8, Definition 3.11] in the same way):
Definition 1.4. Let I = R or I = [0,∞), and let p ∈ P(I). Then it is said that a
measurable function f : I → X belongs to the space BSp(x)(I : X) iff
∥∥f∥∥
Sp(x)
:= sup
t∈I
inf
{
λ > 0 :
∫ t+1
t
ϕp(x)(‖f(x)‖/λ) dx ≤ 1
}
<∞.
Before starting our work, the author would like to express his sincere gratitude
to Professor F. Boulahia for many stimulating discussions and useful suggestions
during the research.
2. (p, φ, F )-Classes and [p, φ, F ]-classes of Weyl almost periodic
functions
Throughout this paper, we assume the following general conditions:
(A): I = R or I = [0,∞), φ : [0,∞) → [0,∞), p ∈ P(I) and F : (0,∞) × I →
(0,∞).
(B): The same as (A) with the assumption p ∈ P(I) replaced by p ∈ P([0, 1])
therein.
We introduce the notions of an (equi-)Weyl-(p, φ, F )-almost periodic function
and an (equi-)Weyl-(p, φ, F )i-almost periodic function, where i = 1, 2, as follows
(see [18] for the case that p(x) ≡ p ∈ [1,∞), φ(x) = x and F (l, t) = l(−1)/p, when
we deal with the usually considered (equi-)Weyl-p-almost periodic functions, as well
as to [6, Remark 4.13] for the case that φ(x) = x and and F (l, t) = l(−1)/p(t)):
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Definition 2.1. Suppose that condition (A) holds, f : I → X and φ(‖f(· + τ) −
f(·)‖) ∈ Lp(x)(K) for any τ ∈ I and any compact subset K of I.
(i) It is said that the function f(·) is equi-Weyl-(p, φ, F )-almost periodic, f ∈
e−W (p,φ,F )ap (I : X) for short, iff for each ǫ > 0 we can find two real numbers
l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
τ ∈ I ′ such that
e− ‖f‖(p,φ,F,τ) := sup
t∈I
[
F (l, t)
[
φ
(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.(2.1)
(ii) It is said that the function f(·) is Weyl-(p, φ, F )-almost periodic, f ∈
W
(p,φ,F )
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
‖f‖(p,φ,F,τ) := lim sup
l→∞
sup
t∈I
[
F (l, t)
[
φ
(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.(2.2)
Definition 2.2. Suppose that condition (A) holds, f : I → X and ‖f(·+τ)−f(·)‖ ∈
Lp(x)(K) for any τ ∈ I and any compact subset K of I.
(i) It is said that the function f(·) is equi-Weyl-(p, φ, F )1-almost periodic, f ∈
e − W (p,φ,F )1ap (I : X) for short, iff for each ǫ > 0 we can find two real
numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains
a point τ ∈ I ′ such that
e − ‖f‖(p,φ,F,τ)1 := sup
t∈I
[
F (l, t)φ
[(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.
(ii) It is said that the function f(·) is Weyl-(p, φ, F )1-almost periodic, f ∈
W
(p,φ,F )1
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
‖f‖(p,φ,F,τ)1 := lim sup
l→∞
sup
t∈I
[
F (l, t)φ
[(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.
Definition 2.3. Suppose that condition (A) holds, f : I → X and ‖f(·+τ)−f(·)‖ ∈
Lp(x)(K) for any τ ∈ I and any compact subset K of I.
(i) It is said that the function f(·) is equi-Weyl-(p, φ, F )2-almost periodic, f ∈
e − W (p,φ,F )2ap (I : X) for short, iff for each ǫ > 0 we can find two real
numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains
a point τ ∈ I ′ such that
e− ‖f‖(p,φ,F,τ)2 := sup
t∈I
φ
[
F (l, t)
[(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.
(ii) It is said that the function f(·) is Weyl-(p, φ, F )2-almost periodic, f ∈
W
(p,φ,F )2
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
ASYMPTOTICALLY WEYL ALMOST PERIODIC FUNCTIONS... 7
that
‖f‖(p,φ,F,τ)2 := lim sup
l→∞
sup
t∈I
φ
[
F (l, t)
[(∥∥f(·+ τ) − f(·)∥∥)
Lp(·)[t,t+l]
]]
≤ ǫ.
If i = 1, 2 and F (l, t) = ψ(l)(−1)/p(t) for some function ψ : (0,∞) → (0,∞) and
all t ∈ I, then we also say that the function f(·) is (equi-)Weyl-(p, φ, ψ)-almost
periodic, resp. (equi-)Weyl-(p, φ, ψ)i-almost periodic, when the corresponding class
of functions is also denoted by (e−)W (p,φ,ψ)ap (I : X), resp. (e−)W (p,φ,ψ)iap (I : X).
There is no need to say that the above classes coincide in the case that φ(x) ≡ x.
Example 2.4. (i) If φ(0) = 0, then any continuous periodic function f : I →
X belongs to any of the above introduced function spaces. If φ(0) > 0, then
a constant function cannot belong to any of the function spaces introduced
in Definition 2.3, while the function spaces introduced in Definition 2.1-
Definition 2.2 can contain constant functions (see also Remark 2.6(iii)).
(ii) If φ(x) = x and p(x) ≡ p ∈ [1,∞), then any Stepanov p-bounded function
f : I → X belongs to any of the above introduced function spaces with
F (l, t) ≡ l−σ, where σ > 1/p; in particular, if f(·) is Stepanov p(x)-bounded
and p ∈ D+(I), then f(·) belongs to any of the above introduced function
spaces with F (l, t) ≡ l−σ, where σ > 1/p+. This simply follows from the
inequality(∫ t+l
t
‖f(s+ τ) − f(s)‖p ds
)1/p
≤
⌊l⌋∑
k=0
(∫ t+k+1
t+k
‖f(s+ τ)− f(s)‖p ds
)1/p
,
which is valid for any t, τ ∈ I, l > 0, and a simple argumentation. Suppose
now that I = R or I = [0,∞), p ∈ P(I) and f ∈ BSp(x)(I : X). A similar
line of reasoning shows that f(·) belongs to any of the above introduced
function spaces provided that
(a) p ∈ D+(I) and F (l, t) ≡ l−σ, where σ > 1/p+, or
(b) F (l, t) ≡ l−σ, where σ > 1, in general case. For this, it is only worth
noting that we have ϕp(x)(t/l
σ) ≤ (1/lσ)ϕp(x)(t) for any t ≥ 0 and
l ≥ 1.
(iii) If X does not contain an isomorphic copy of the sequence space c0, φ(x) = x
and F (l, t) ≡ F (t), where limt→+∞ F (t) = +∞, then there is no trigono-
metric polynomial f(·) and function p ∈ P(R) such that f ∈ e−W (p,x,F )ap (R :
X). If we suppose the contrary, then using the fact that the space Lp(x)[t, t+
l] is continuously embedded into the space L1[t, t+ l] with the constant of
embeddings less than or equal to 2(1 + l) (see, e.g., [10, Corollary 3.3.4]),
where t ∈ R and l > 0, we get that for each ǫ > 0 we can find two real
numbers l > 0 and L > 0 such that any interval I ′ ⊆ R of length L contains
a point τ ∈ I ′ such that
sup
t∈R
[
F (t)
∥∥f(·+ τ)− f(·)∥∥
L1[t,t+l]
]
≤ 2ǫ(1 + l).(2.3)
Let such numbers l > 0 and τ ∈ R be fixed. By (2.3), we get that the
mapping t 7→ f1(t) ≡
∫ t+l
t
‖f(s+ τ)− f(s)‖ ds, t ≥ 0 belongs to the space
C0([0,∞) : C). On the other hand, the mapping s 7→ ‖f(s+τ)−f(s)‖, s ∈ R
is almost periodic and satisfies that
∫ t
0 ‖f(s + τ) − f(s)‖ ds < ∞, so that
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the mapping t 7→ f2(t) ≡
∫ t
0
‖f(s+ τ) − f(s)‖ ds, t ∈ R is almost periodic
by [18, Theorem 2.1.1(vi)]. By the translation invariance, the same holds
for the mapping f1(·) = f2(·+ τ)− f2(·). Since f1 ∈ C0([0,∞) : C), we get
that f1 ≡ 0, so that ‖f(s+ τ)− f(s)‖ = 0 for all s ≥ 0 and f(·) is periodic,
which is a contradiction. Based on the conclusion obtained in this part,
we will not examine the question whether, for a given number ǫ > 0 and
an equi-Weyl-(p, φ, F )-almost periodic function or an equi-Weyl-(p, φ, F )i-
almost periodic function (i = 1, 2), we can find a trigonometric polynomial
P (·) such that ‖P − f‖(p,φ,F ) < ǫ or ‖P − f‖(p,φ,F )i < ǫ (i = 1, 2), where
e− ‖f‖(p,φ,F ) := sup
t∈I
[
F (l, t)
[
φ
(∥∥f(·)∥∥)
Lp(·)[t,t+l]
]]
,
e− ‖f‖(p,φ,F )1 := sup
t∈I
[
F (l, t)φ
[(∥∥f(·)∥∥)
Lp(·)[t,t+l]
]]
and
e− ‖f‖(p,φ,F )2 := sup
t∈I
φ
[
F (l, t)
[(∥∥f(·)∥∥)
Lp(·)[t,t+l]
]]
.
For the usually considered class of equi-Weyl-p-almost periodic functions,
where 1 ≤ p <∞, the answer to the above question is affirmative (see, e.g.,
[18, Theorem 2.3.2]). Observe also that the sub-additivity of function φ(·)
implies the sub-additivity of functions e − ‖ · ‖(p,φ,F ) and e − ‖ · ‖(p,φ,F )i,
where i = 1, 2; since the limit superior is also a sub-additive operation, the
same holds for the functions ‖ · ‖(p,φ,F ) and ‖ · ‖(p,φ,F )i , where i = 1, 2,
defined as above (cf. the second parts of Definition 2.1-Definition 2.3, as
well as Definition 2.7-Definition 2.9 below).
In the case that the function φ(·) is convex and p(x) ≡ 1, we have the following
result:
Proposition 2.5. Suppose that p(x) ≡ 1, f : I → X, ‖f(·+ τ)− f(·)‖ ∈ Lp(x)(K)
for any τ ∈ I and any compact subset K of I, as well as condition
(C): φ(·) is convex and there exists a function ϕ : [0,∞) → [0,∞) such that
φ(lx) ≤ ϕ(l)φ(x) for all l > 0 and x ≥ 0
holds. Set F1(l, t) := F (l, t)l[ϕ(l)]
−1, l > 0, t ∈ I and F2(l, t) := l−1ϕ(F (l, t)l),
l > 0, t ∈ I. Then we have:
(i) f ∈ (e−)W (1,φ,F )ap ⇒ f ∈ (e−)W (1,φ,F1)1ap .
(ii) f ∈ (e−)W (1,φ,F2)ap ⇒ f ∈ (e−)W (1,φ,F )2ap .
Proof. To prove (i), suppose that f ∈ (e−)W (1,φ,F )ap . Then the assumption (C) and
the Jensen integral inequality together imply
φ
(
‖f(·+ τ) − f(·)‖L1[t,t+l]
)
= φ
(
l · l−1‖f(·+ τ)− f(·)‖L1[t,t+l]
)
≤ϕ(l)φ
(
l−1‖f(·+ τ) − f(·)‖L1[t,t+l]
)
≤ ϕ(l)l−1
[
φ
(‖f(·+ τ) − f(·)‖)]
L1[t,t+l]
.
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This simply yields f ∈ (e−)W (1,φ,F1)1ap . To prove (ii), suppose that f ∈ (e−)W (1,φ,F2)ap .
Then the assumption (C) and the Jensen integral inequality together imply
φ
(
F (l, t)‖f(·+ τ) − f(·)‖L1[t,t+l]
)
= φ
(
F (l, t)l · l−1‖f(·+ τ)− f(·)‖L1[t,t+l]
)
≤ϕ(F (t, l)l)l−1
[
φ
(‖f(·+ τ)− f(·)‖)]
L1[t,t+l]
.
This simply yields f ∈ (e−)W (1,φ,F )2ap . 
Before we go any further, let us recall that any equi-Weyl-p-almost periodic
function needs to be Weyl p-almost periodic, while the converse statement does
not hold in general. On the other hand, it is not true that an equi-Weyl-(p, φ, ψ)-
almost periodic function, resp. equi-Weyl-(p, φ, ψ)i-almost periodic function, is
Weyl-(p, φ, ψ)-almost periodic, resp. Weyl-(p, φ, ψ)i-almost periodic; moreover, an
unrestrictive choice of function ψ(·) allows us to work with a substantially large class
of quasi-almost periodic functions: As it can be simply approved, any Stepanov p-
almost periodic function f(·) is equi-Weyl-(p, φ, ψ)-almost periodic with p(x) ≡ p ∈
[1,∞), ψ(l) ≡ 1, φ(x) = x; on the other hand, any continuous Stepanov p-almost
periodic function f(·) which is not periodic cannot be Weyl-(p, x, 1)-almost periodic,
for example. Let us explain the last fact in more detail. If we suppose the contrary,
then for each ǫ > 0 we can find a real number L > 0 such that any interval I ′ ⊆ I
of length L contains a point τ ∈ I ′ such that (2.2) holds with p(x) ≡ p ∈ [1,∞),
ψ(l) ≡ 1 and φ(x) = ϕ(x) = x. This simply implies that for each ǫ > 0 we can find
a strictly increasing sequence (ln) of positive real numbers tending to infinity such
that for each t ∈ I and n ∈ N we have ∫ tt+ln ‖f(x+τ)−f(x)‖p dx ≤ ǫ for each ǫ > 0;
hence,
∫
I ‖f(x+τ)−f(x)‖p dx ≤ ǫ and therefore
∫
I ‖f(x+τ)−f(x)‖p dx = 0. This
yields f(x+ τ) = f(x), x ∈ I, which is a contradiction with our preassumption.
Remark 2.6. (i) It is clear that, if f(·) is an (equi-)Weyl-(p, φ, F )-almost pe-
riodic function, resp. (equi-)Weyl-(p, φ, F )1-almost periodic function, and
F (l, t) ≥ F1(l, t) for every l > 0 and t ∈ I, then f(·) is (equi-)Weyl-
(p, φ, F1)-almost periodic, resp. (equi-)Weyl-(p, φ, F1)1-almost periodic. Fur-
thermore, if f(·) is an (equi-)Weyl-(p, φ, F )2-almost periodic function, then
f(·) is an (equi-)Weyl-(p, φ, F1)2-almost periodic function provided that
F (l, t) ≥ F1(l, t) for every l > 0, t ∈ I and φ(·) is monotonically increas-
ing, or F (l, t) ≤ F1(l, t) for every l > 0, t ∈ I and φ(·) is monotonically
decreasing.
(ii) If f(·) is an (equi-)Weyl-(p, φ, F )-almost periodic function, resp. (equi-
)Weyl-(p, φ, F )i-almost periodic function, φ1(·) is measurable and 0 ≤ φ1 ≤
φ, then Lemma 1.1(iii) yields that f(·) is (equi-)Weyl-(p, φ1, F )-almost pe-
riodic, resp. (equi-)Weyl-(p, φ1, F )i-almost periodic, where i = 1, 2.
(iii) Regarding the first parts in the above definitions, it is worth noticing that
we do not allow the number l > 0 to be sufficiently large: in some concrete
situations, it is crucial to allow the number l > 0 to be sufficiently small;
we will explain this fact by two illustrative examples. First, let us consider
Definition 2.1(i). Suppose that p(x) ≡ p ∈ [1,∞) and there exists an
absolute constant c > 0 such that for each l > 0 and τ ∈ I we have
sup
t∈I
φ
(∥∥f(·+ τ) − f(·)∥∥)
Lp(x)[t,t+l]
≤ c.
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Then it simply follows that the function f(·) is equi-Weyl-(p, φ, ψ)-almost
periodic provided that liml→0+ ψ(l) = +∞. Second, suppose that f ∈
L∞(I : X). Then f(·) is equi-Weyl-(p, x, 1)-almost periodic for any p ∈
D(I), which can be simply approved by considering the case of constant
coefficient p(x) ≡ p+ and the choice l = l(ǫ) = ǫ.
In order to ensure the translation invariance of Weyl spaces with variable expo-
nent, we need to follow a slightly different approach ([6]-[7]):
Definition 2.7. Suppose that condition (B) holds, f : I → X and φ(‖f(·l + t +
τ)− f(t+ ·l)‖) ∈ Lp(x)([0, 1]) for any τ ∈ I, t ∈ I and l > 0.
(i) It is said that the function f(·) is equi-Weyl-[p, φ, F ]-almost periodic, f ∈
e−W [p,φ,F ]ap (I : X) for short, iff for each ǫ > 0 we can find two real numbers
l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
τ ∈ I ′ such that
e− ‖f‖[p,φ,F,τ ] := sup
t∈I
[
F (l, t)
[
φ
(∥∥f(·l + t+ τ) − f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
(ii) It is said that the function f(·) is Weyl-[p, φ, F ]-almost periodic, f ∈
W
[p,φ,F ]
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
‖f‖[p,φ,F,τ ] := lim sup
l→∞
sup
t∈I
[
F (l, t)
[
φ
(∥∥f(·l + t+ τ)− f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
Definition 2.8. Suppose that condition (B) holds, f : I → X and ‖f(·l+ t+ τ)−
f(t+ ·l)‖ ∈ Lp(x)([0, 1]) for any τ ∈ I, t ∈ I and l > 0.
(i) It is said that the function f(·) is equi-Weyl-[p, φ, F ]1-almost periodic, f ∈
e−W [p,φ,F ]1ap (I : X) for short, iff for each ǫ > 0 we can find two real numbers
l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
τ ∈ I ′ such that
e− ‖f‖[p,φ,F,τ ]1 := sup
t∈I
[
F (l, t)φ
[(∥∥f(·l + t+ τ) − f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
(ii) It is said that the function f(·) is Weyl-[p, φ, F ]2-almost periodic, f ∈
W
[p,φ,F ]2
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
‖f‖[p,φ,F,τ ]1 := lim sup
l→∞
sup
t∈I
[
F (l, t)φ
[(∥∥f(·l + t+ τ) − f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
Definition 2.9. Suppose that condition (B) holds, f : I → X and ‖f(·l+ t+ τ)−
f(t+ ·l)‖ ∈ Lp(x)([0, 1]) for any τ ∈ I, t ∈ I and l > 0.
(i) It is said that the function f(·) is equi-Weyl-[p, φ, F ]2-almost periodic, f ∈
e−W [p,φ,F ]2ap (I : X) for short, iff for each ǫ > 0 we can find two real numbers
l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
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τ ∈ I ′ such that
e− ‖f‖[p,φ,F,τ ]2 := sup
t∈I
φ
[
F (l, t)
[(∥∥f(·l + t+ τ) − f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
(ii) It is said that the function f(·) is Weyl-[p, φ, F ]2-almost periodic, f ∈
W
[p,φ,F ]2
ap (I : X) for short, iff for each ǫ > 0 we can find a real number
L > 0 such that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such
that
‖f‖[p,φ,F,τ ]2 := lim sup
l→∞
sup
t∈I
φ
[
F (l, t)
[(∥∥f(·l + t+ τ) − f(t+ ·l)∥∥)
Lp(·)[0,1]
]]
≤ ǫ.
Remark 2.10. (i) Let p ∈ P([0, 1]), let I = R or I = [0,∞), and let a function
f ∈ Lp(x)S (I : X) be Stepanov p(x)-almost periodic. Then it readily follows
that f(·) is equi-Weyl-[p, φ, F ]-almost periodic with φ(x) ≡ x and F (l, t) ≡
1.
(ii) In the case that p(x) ≡ p ∈ [1,∞), it can be simply verified that the class of
(equi)-Weyl-[p, φ, [l/ψ(l)]1/p]-almost periodic functions, resp. (equi)-Weyl-
[p, φ, [l/ψ(l)]1/p]2-almost periodic functions, coincides with the class of (equi)-
Weyl-(p, φ, ψ)-almost periodic functions, resp. (equi)-Weyl-(p, φ, ψ)2-almost
periodic functions. The classes of (equi)-Weyl-[p, φ, [l/ψ(l)]1/p]1-almost pe-
riodic functions and (equi)-Weyl-(p, φ, ψ)1-almost periodic functions coin-
cide provided that φ(cx) = cφ(x) for all c, x ≥ 0.
(iii) It can be simply verified that the validity of condition
(D): For any τ0 ∈ I there exists c > 0 such that
F (l, t)
F (l, t+ τ0)
≤ c, t ∈ I, l > 0
implies that the spaces (e−)W [p,φ,F ]ap (I : X) and (e−)W [p,φ,F ]1ap (I : X) are
translation invariant; this particularly holds provided the function F (l, t)
does not depend on the variable t. Furthermore, the space (e−)W [p,φ,F ]2ap (I :
X) is translation invariant provided condition
(D)’: For any τ0 ∈ I there exists c > 0 such that
φ(F (l, t)x) ≤ cφ(F (l, t+ τ0)x), x ≥ 0, t ∈ I, l > 0.
(iv) If p, q ∈ P([0, 1]) and q(x) ≤ p(x) for a.e. x ∈ [0, 1], then Lemma 1.1(ii)
yields that any (equi)-Weyl-[p, φ, F ]-almost periodic function is (equi)-Weyl-
[q, φ, F ]-almost periodic. Furthermore, condition x, y ≥ 0 and x ≤ cy
implies φ(x) ≤ cφ(y), resp. x, y ≥ 0 and x ≤ cy implies φ(F (l, t)x) ≤
cφ(F (l, t)y) for all l > 0 and t ∈ I, ensures that any (equi)-Weyl-[p, φ, F ]1-
almost periodic function is (equi)-Weyl-[q, φ, F ]1-almost periodic, resp. any
(equi)-Weyl-[p, φ, F ]2-almost periodic function is (equi)-Weyl-[q, φ, F ]2-almost
periodic.
(v) It is clear that, if f(·) is an (equi)-Weyl-[p, φ, F ]-almost periodic function,
resp. (equi)-Weyl-[p, φ, F ]1-almost periodic function, and F (l, t) ≥ F1(l, t)
for every l > 0 and t ∈ I, then f(·) is (equi)-Weyl-[p, φ, F1]-almost periodic,
resp. (equi)-Weyl-[p, φ, F1]1-almost periodic. Furthermore, any (equi)-
Weyl-[p, φ, F ]2-almost periodic function is (equi)-Weyl-[p, φ, F ]2-almost pe-
riodic provided that F (l, t) ≥ F1(l, t) for every l > 0, t ∈ I and φ(·) is
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monotonically increasing, or F (l, t) ≤ F1(l, t) for every l > 0, t ∈ I and φ(·)
is monotonically decreasing.
(vi) If f(·) is an (equi)-Weyl-[p, φ, F ]-almost periodic function, φ1(‖f(·l + t +
τ) − f(t + ·l)‖) is measurable for any τ ∈ I, t ∈ I, l > 0, and 0 ≤ φ1 ≤
φ, then Lemma 1.1(iii) yields that f(·) is an (equi)-Weyl-[p, φ1, F ]-almost
periodic. Furthermore, if 0 ≤ φ1 ≤ φ, only, and f(·) is an (equi)-Weyl-
[p, φ, F ]i-almost periodic function, then f(·) is an (equi)-Weyl-[p, φ1, F ]i-
almost periodic function, where i = 1, 2.
In the case that the function φ(·) is convex and p(x) ≡ 1, we have the following
proposition which can be shown following the lines of the proof of Proposition 2.5:
Proposition 2.11. Suppose that φ(·) is convex, p(x) ≡ 1, f : I → X and ‖f(·l +
t+ τ)− f(t+ ·l)‖ ∈ Lp(x)([0, 1]) for any τ ∈ I, t ∈ I and l > 0. Then the following
holds:
(i) f ∈ (e−)W [1,φ,F ]ap ⇒ f ∈ (e−)W [1,φ,F ]1ap .
(ii) If condition (C) holds, then f ∈ (e−)W [1,φ,ϕ◦F ]ap ⇒ f ∈ (e−)W [1,φ,F ]2ap .
Regarding Proposition 2.5 and Proposition 2.11, it should be observed that the
reverse inclusions and inequalities can be obtained assuming condition
(C)’: φ(·) is concave and there exists a function ϕ : [0,∞) → [0,∞) such that
φ(lx) ≥ ϕ(l)φ(x) for all l > 0 and x ≥ 0.
It is clear that any (equi-)Weyl-p-almost periodic function f(·) is (equi-)Weyl-
(p, φ, ψ)-almost periodic with p(x) ≡ p ∈ [1,∞), φ(x) = x, ψ(l) = l. Concerning
this observation, we wish to present two illustrative examples:
Example 2.12. Let us recall (see, e.g., Example 4.27 in the survey article [2] by
J. Andres, A. M. Bersani, R. F. Grande and the monograph [18]) that the function
g(·) := χ[0,1/2](·) is equi-Weyl-p-almost periodic for any p ∈ [1,∞) but not Stepanov
almost periodic. Since for each l, τ ∈ R we have(
sup
t∈R
∫ t+l
t
|f(x+ τ)− f(x)|p dx
)1/p
≤ 1,
it can be easily seen that the function g(·) is equi-Weyl-(p, x, ψ)-almost periodic
for any function ψ : (0,∞)→ (0,∞) such that liml→+∞ ψ(l) = +∞; moreover, for
each ǫ ∈ (0, 1/2) we can always find t ∈ R such that∫ t+1
t
|f(x+ τ)− f(x)|p dx > ǫ, τ > ǫ.
Hence, the function g(·) cannot be equi-Weyl-(p, x, l0)-almost periodic. Taking into
account Remark 2.6(iii) and the above conclusions, we get that g(·) is equi-Weyl-
(p, x, lσ)-almost periodic iff σ 6= 0.
Example 2.13. Let us recall ([2, Example 4.29], [18]) that the Heaviside function
g(·) := χ[0,∞)(·) is not equi-Weyl-1-almost periodic but it is Weyl-p-almost periodic
for any number p ∈ [1,∞). Furthermore, it is not difficult to see that for each real
number τ ∈ R we have that supt∈R(
∫ t+l
t
|f(x + τ) − f(x)|p dx)1/p = |τ |1/p for any
real number l > |τ |. This simply implies that the function g(·) is Weyl-(p, x, ψ)-
almost periodic for any function ψ : (0,∞) → (0,∞) such that liml→+∞ ψ(l) =
+∞ as well as that g(·) cannot be Weyl-(p, x, ψ)-almost periodic for any function
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ψ : (0,∞) → (0,∞) such that lim supl→+∞[ψ(l)]−1 > 0; in particular, g(·) is
Weyl-(p, x, lσ)-almost periodic iff σ > 0. On the other hand, the function g(·)
cannot be equi-Weyl-(p, x, ψ)-almost periodic for any function ψ : (0,∞)→ (0,∞);
in actual fact, if we suppose contrary, then the equation (2.1) is violated with
|τ |1/p > ǫψ(l)1/p. See also [18, Example 2.11.15-Example 2.11.17].
3. Weyl ergodic components with variable exponents
Unless stated otherwise, in this section we assume that p ∈ P([0,∞)), φ :
[0,∞) → [0,∞) and F : (0,∞) × [0,∞) → (0,∞). In the following three defi-
nitions, we extend the notion of an (equi-)Weyl-p-vanishing function introduced in
[21], where the case p(x) ≡ p ∈ [1,∞), F (l, t) ≡ l(−1)/p and φ(x) ≡ x has been
considered:
Definition 3.1. (i) It is said that a function q : [0,∞) → X is equi-Weyl-
(p, φ, F )-vanishing iff φ(‖q(t+ ·)‖) ∈ Lp(·)[x, x+ l] for all t, x, l > 0 and
lim
l→+∞
lim sup
t→+∞
sup
x≥0
[
F (l, t)
∥∥φ(‖q(t+ v)‖)∥∥
Lp(v)[x,x+l]
]
= 0.(3.1)
(ii) It is said that a function q : [0,∞) → X is Weyl-(p, φ, F )-vanishing iff
φ(q(t + ·)) ∈ Lp(·)[x, x + l] for all t, x, l > 0 and
lim
t→+∞
lim sup
l→+∞
sup
x≥0
[
F (l, t)
∥∥φ(‖q(t+ v)‖)∥∥
Lp(v)[x,x+l]
]
= 0.(3.2)
Definition 3.2. (i) It is said that a function q : [0,∞) → X is equi-Weyl-
(p, φ, F )1-vanishing iff q(t+ ·) ∈ Lp(·)[x, x+ l] for all t, x, l > 0 and
lim
l→+∞
lim sup
t→+∞
sup
x≥0
[
F (l, t)φ
(∥∥q(t+ v)∥∥
Lp(v)[x,x+l]
)]
= 0.(3.3)
(ii) It is said that a function q : [0,∞) → X is Weyl-(p, φ, F )1-vanishing iff
q(t+ ·) ∈ Lp(·)[x, x + l] for all t, x, l > 0 and
lim
t→+∞
lim sup
l→+∞
sup
x≥0
[
F (l, t)φ
(∥∥q(t+ v)∥∥
Lp(v)[x,x+l]
)]
= 0.(3.4)
Definition 3.3. (i) It is said that a function q : [0,∞) → X is equi-Weyl-
(p, φ, F )2-vanishing iff q(t+ ·) ∈ Lp(·)[x, x+ l] for all t, x, l > 0 and
lim
l→+∞
lim sup
t→+∞
sup
x≥0
φ
[
F (l, t)
∥∥q(t+ v)∥∥
Lp(v)[x,x+l]
]
= 0.(3.5)
(ii) It is said that a function q : [0,∞) → X is Weyl-(p, φ, F )2-vanishing iff
q(t+ ·) ∈ Lp(·)[x, x + l] for all t, x, l > 0 and
lim
t→+∞
lim sup
l→+∞
sup
x≥0
φ
[
F (l, t)
∥∥q(t+ v)∥∥
Lp(v)[x,x+l]
]
= 0.(3.6)
Denote by W
p(x)
φ,F,0([0,∞) : X) and e −W p(x)φ,F,0([0,∞) : X) [W p(x);1φ,F,0 ([0,∞) : X)
and e − W p(x);1φ,F,0 ([0,∞) : X)/W p(x);2φ,F,0 ([0,∞) : X) and e − W p(x);2φ,F,0 ([0,∞) : X)]
the sets consisting of all Weyl-(p, φ, F )-vanishing functions and equi-Weyl-(p, φ, F )-
vanishing functions [Weyl-(p, φ, F )1-vanishing functions and equi-Weyl-(p, φ, F )1-
vanishing functions/Weyl-(p, φ, F )2-vanishing functions and equi-Weyl-(p, φ, F )2-
vanishing functions], respectively. In the case that p(x) ≡ p ∈ [1,∞), F (l, t) ≡
l(−1)/p and φ(x) ≡ x, the above classes coincide and we denote them byW p0 ([0,∞) :
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X) and e−W p0 ([0,∞) : X). These classes are very general and we want only to recall
that, for instance, an equi-Weyl-p-vanishing function q(·) need not be bounded as
t→ +∞ ([21]).
A great number of very simple examples can be constructed in order to show
that, in general case, the limit limt→+∞ supx≥0[F (l, t)‖φ(‖q(t+ v)‖)‖Lp(v)[x,x+l]] in
the equation (3.1) does not exist for any fixed number l > 0; the same holds for
the equations (3.2)-(3.6). The question when these limits exist is meaningful but it
will not be analyzed here for the sake of brevity.
Further on, we have the following observation:
Remark 3.4. (i) Suppose that the function φ(·) is monotonically increasing
and satisfies that for each scalars α, β ≥ 0 there exists a finite real number
π(α, β) > 0 such that, for every non-negative real numbers x, y ≥ 0, we
have
φ(αx + βy) ≤ π(α, β)[φ(x) + φ(y)].
Then (equi-)Weyl-(p, φ, F )-vanishing functions and (equi-)Weyl-(p, φ, F )i-
vanishing functions, where i = 1, 2, form a vector space.
(ii) If the function F (l, t) satisfies condition (D), resp. (D)’, then the space
of (equi-)Weyl-(p, φ, F )-vanishing functions and the space of (equi-)Weyl-
(p, φ, F )1-vanishing functions, resp. the space of (equi-)Weyl-(p, φ, F )2-
vanishing functions, are translation invariant.
In this paper, we will not follow the approach obeyed in [6] and previous section,
with the basic assumption p ∈ P([0, 1]). With regards to this question, we will
present only one illustrative example:
Example 3.5. Suppose that p ∈ P([0, 1]). Let us recall that the space of Stepanov
p(·)-vanishing functions (see [6]), denoted by Sp(x)0 ([0,∞) : X), is consisted of those
functions q ∈ Lp(x)S ([0,∞) : X) such that qˆ ∈ C0([0,∞) : Lp(x)([0, 1] : X)). The
notion of space S
p(x)
0 ([0,∞) : X) can be extended in many other ways; for example:
(i) Let φ : (0,∞) → (0,∞) and G : (0,∞) → (0,∞). Then we say that a
function q(·) belongs to the space Sp(·)φ,G,0([0,∞) : X) iff φ(‖q(t + ·)‖) ∈
Lp(·)[0, 1] for all t ≥ 0 and
lim
t→+∞
G(t)
∥∥φ(‖q(t+ v)‖)∥∥
Lp(v)[0,1]
= 0.
In this part, as well as in parts (ii) and (iii), we will use the 1-periodic
extension of function p(·) to the non-negative real axis, denoted henceforth
by p1(·). Then the class Sp(·)φ,G,0([0,∞) : X) is contained in the class of equi-
Weyl-(p1, φ, F )-vanishing functions with a suitable chosen function F (l, t).
More precisely, let a number ǫ > 0 be fixed. Then there exists a sufficiently
large real number t0 > 0 such that ‖φ(q(t + v))‖Lp(v)[0,1] < ǫG(t)−1 for all
numbers t ≥ t0. This implies that, for every t ≥ t0, x ≥ 0 and m ∈ N0, we
have ∫ 1
0
ϕp(v)
(
φ(‖q(t+ v + ⌊x⌋+m)‖)/[ǫG(t)−1]) dv ≤ 1.
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Using the inequality (x ≥ 0, l > 0)∫ x+l
x
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫG(t)−1]) dv
≤
l∑
k=0
∫ ⌊x⌋+k+1
⌊x⌋+k
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫG(t)−1]) dv,
the above yields∫ x+l
x
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫG(t)−1]) dv ≤ l + 1, i.e.,
∫ x+l
x
1
l + 1
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫG(t)−1]) dv ≤ 1.
Since
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫ(l+ 1)G(t)−1]) ≤ 1
l + 1
ϕp1(v)
(
φ(‖q(t+ v)‖)/[ǫG(t)−1]),
the above implies ‖φ(‖q(t+ v)‖)‖Lp(v)[x,x+l] < ǫG(t)−1(1 + l) for all t ≥ t0,
x ≥ 0 and l > 0. Hence, the required conclusion holds provided that there
exists a finite real constant C > 0 such that
|F (l, t)G(t)−1(1 + l)| ≤ C, l > 0, t > 0.
(ii) Let φ : (0,∞) → (0,∞) and G : (0,∞) → (0,∞). Then we say that a
function q(·) belongs to the space Sp(·)φ,G,0;1([0,∞) : X) iff q(t+ ·) ∈ Lp(·)[0, 1]
for all t ≥ 0 and
lim
t→+∞
G(t)φ
(∥∥q(t+ v)∥∥
Lp(v)[0,1]
)
= 0.
Then the class S
p(·)
φ,G,0;1([0,∞) : X) is contained in the class of equi-Weyl-
(p1, φ, F )1-vanishing functions with a suitable chosen function F (l, t). Argu-
ing as in (i), this holds provided that, for example, supφ−1([0, G(t)−1]) <∞
and
lim
l→+∞
lim sup
t→+∞
F (l, t)(l + 1) supφ−1
([
0, G(t)−1
])
= 0.
(iii) Let φ : (0,∞) → (0,∞) and G : (0,∞) → (0,∞). Then we say that a
function q(·) belongs to the space Sp(·)φ,G,0;2([0,∞) : X) iff q(t+ ·) ∈ Lp(·)[0, 1]
for all t ≥ 0 and
lim
t→+∞
φ
(
G(t)
∥∥φ(q(t + v)∥∥
Lp(v)[0,1]
)
= 0.
Then the class S
p(·)
φ,G,0;2([0,∞) : X) is contained in the class of equi-Weyl-
(p1, φ, F )2-vanishing functions with a suitable chosen function F (l, t). Ar-
guing as in (i), this holds provided that, for example, the function φ(·) is
monotonically increasing, supφ−1([0, 1]) < +∞ and
lim
l→+∞
lim sup
t→+∞
φ
(
F (l, t)G(t)−1(1 + l) supφ−1([0, 1])
)
= 0.
An analogue of Proposition 2.5 can be proved for (equi-)Weyl-(p, φ, F )-vanishing
functions and (equi-)Weyl-(p, φ, F )i-vanishing functions, provided that the function
φ(·) is convex and q(v) ≡ 1. Furthermore, an analogue of Remark 2.6(i)-(ii) can be
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formulated for (equi-)Weyl-(p, φ, F )-vanishing functions and (equi-)Weyl-(p, φ, F )i-
vanishing functions. Concerning Lemma 1.1(ii) and Remark 2.10(v), it should
be noted that the embedding type result established in already mentioned [10,
Corollary 3.3.4] for scalar-valued functions (see also Lemma 1.1(ii)) enables one to
see that the following expected result holds true:
Proposition 3.6. Suppose r, p ∈ P([0,∞)) and 1 ≤ r(x) ≤ p(x) for a.e. x ≥ 0.
Let F1(l, t) = 2max(l
essinf(1/r(x)−1/p(x)), lesssup(1/r(x)−1/p(x)))F (l, t) or F1(l, t) =
2(1 + l)F (l, t) for all l > 0 and t ≥ 0. Then we have:
(i) If the function q(·) is (equi-)Weyl-(r, φ, F )-vanishing provided that q(·) is
(equi-)Weyl-(p, φ, F1)-vanishing.
(ii) Suppose that there exists a function ϕ : [0,∞)→ [0,∞) such that φ(cx) ≤
ϕ(c)φ(x) for all c ≥ 0 and x ≥ 0. Let F2(l, t) = ϕ(2(1 + l))F (l, t) or
F1(l, t) = ϕ(2max(l
essinf(1/r(x)−1/p(x)), lesssup(1/r(x)−1/p(x))))F (l, t) for l >
0 and t ≥ 0. Then the function q(·) is (equi-)Weyl-(r, φ, F )1-vanishing pro-
vided that q(·) is (equi-)Weyl-(p, φ, F2)1-vanishing.
(iii) If φ(·) is monotonically increasing, then the function q(·) is (equi-)Weyl-
(r, φ, F )2-vanishing provided that q(·) is (equi-)Weyl-(p, φ, F1)2-vanishing.
The case of constant coefficients 1 ≤ r ≤ p also deserves attention, when the
choices F1(l, t) = l
1/r−1/pF (l, t) in (i), (iii) and F1(l, t) = ϕ(l
1/r−1/p)F (l, t) in (ii)
can be made.
We continue by reexaming the conclusions established in [21, Example 4.5, Ex-
ample 4.6]:
Example 3.7. Define
q(t) :=
∞∑
n=0
χ[n2,n2+1](t), t ≥ 0.
Then we know that qˆ /∈ C0([0,∞) : Lp([0, 1] : C)) and the function q(·) is equi-
Weyl-p-almost periodic for any exponent p ≥ 1; see [21, Example 4.5]. In this
example, we have proved the estimate(∫ x+l
x
∥∥q(t+ v)∥∥p dv
)1/p
≤
(
2 +
l√
t+
√
l
)1/p
≤ 2 +
(
l√
t+
√
l
)1/p
,
for any x ≥ 0, t ≥ 0, l > 0, so that the function q(·) is equi-Weyl-(p, x, F )-vanishing
provided that
lim
l→+∞
lim sup
t→+∞
F (l, t)
[
2 +
(
l√
t+
√
l
)1/p]
= 0.
In particular, this holds for function F (l, t) = lσ, where σ < 0.
Example 3.8. Define
q(t) :=
∞∑
n=0
√
nχ[n2,n2+1](t), t ≥ 0.
Then we know that the function q(·) is not equi-Weyl-p-vanishing for any exponent
p ≥ 1 as well as that the function q(·) is Weyl-p-vanishing for any exponent p ≥ 1;
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see [21, Example 4.6]. In this example, we have proved the estimate(∫ x+l
x
∥∥q(t+ v)∥∥p dv
)1/p
≤ (l + t)1/2p, x ≥ 0, t ≥ 0, l > 0,
so that the function q(·) is Weyl-(p, x, F )-vanishing provided that
lim
t→+∞
lim sup
l→+∞
F (l, t)
(
l + t
)1/2p
= 0.
In particular, this holds for function F (l, t) = lσ, where σ < (−1)/2p.
We will present one more illustrative example:
Example 3.9. Suppose that (an)n∈N and (bn)n∈N are two sequences of positive real
numbers such that (an)n∈N is strictly monotonically increasing, limn→+∞(an+1 −
an) = +∞ and limn→+∞ φ(bn) = 0. Let q : [0,∞)→ (0,∞) be defined by q(t) := bn
iff t ∈ [an−1, an) for some n ∈ N, where a0 := 0. If p ∈ D+([0,∞)), l > 0 and t > 0,
then we have
sup
x≥0
[
F (l, t)
∥∥φ(q(t+ v))∥∥
Lp(v)[x,x+l]
]
≤ sup
x≥0
[
2(1 + l)F (l, t)
∥∥φ(q(t+ ·))∥∥
Lp+ [x,x+l]
]
= sup
x≥0
[
2(1 + l)F (l, t)
∥∥φ(q(·))∥∥
Lp+ [t+x,t+x+l]
]
.
Assume, additionally, that there exists a function G : (0,∞) → (0,∞) such that
F (l, t) ≤ G(l) for all l > 0 and t > 0. Since we have assumed that limn→+∞(an+1−
an) = +∞, for each number l > 0 we have
lim sup
t→+∞
sup
x≥0
[
2(1 + l)F (l, t)
∥∥φ(q(·))∥∥
Lp+ [t+x,t+x+l]
]
= 0,
because limn→+∞ φ(bn) = 0 and∥∥φ(q(·))∥∥
Lp+ [t+x,t+x+l]
≤ lmax(φ(bn), φ(bn+1)),
where n ∈ N is such that x+ t ≤ an and x+ t+ l ≤ an+1. Therefore, the function
q(·) is equi-Weyl-(p, φ, F )-vanishing.
In [21], we have introduced a great number of various types of asymptotically
Weyl almost periodic function spaces with constant exponent p ≥ 1. In order to
relax our exposition, we will introduce here only one general definition of an asymp-
totically Weyl almost periodic function with variable exponent, which extends the
notion introduced in Definition 1.3(ii):
Definition 3.10. Let h : [0,∞)→ X. Then we say that h(·) is asymptotically Weyl
almost periodic with variable exponent iff there exist two functions g : [0,∞)→ X
and q : [0,∞) → X such that h(t) = g(t) + q(t) for a.e. t ≥ 0, g(·) belongs to
some of function spaces introduced in Definition 2.1-Definition 2.3 or Definition 2.7-
Definition 2.9 and q(·) belongs to some of function spaces introduced in Definition
3.1-Definition 3.3 (with possibly different functions p, p1; φ, φ1; F, F1 and the
meaning clear).
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In [1], S. Abbas has introduced the notion of a Weyl p-pseudo ergodic component
(p ≥ 1). We can extend this notion following the approach obeyed in the previous
part of paper and provide certain extensions of [21, Proposition 4.11] in this context.
Details can be left to the interested reader.
4. Weyl almost periodicity with variable exponent and convolution
products
In the analyses of (equi-)Weyl-(p, φ, F )-almost periodic functions and (equi-
)Weyl-[p, φ, F ]-almost periodic functions, we will use the following conditions:
(A1): I = R or I = [0,∞), ψ : (0,∞) → (0,∞), ϕ : [0,∞) → [0,∞), φ :
[0,∞) → [0,∞) is a convex monotonically increasing function satisfying
φ(xy) ≤ ϕ(x)φ(y) for all x, y ≥ 0, p ∈ P(I).
(B1): The same as (A) with the assumption p ∈ P(I) replaced by p ∈ P([0, 1])
therein.
Theorem 4.1. Suppose that condition (A1) holds with I = R, gˇ : R→ X is (equi-
)Weyl-(p, φ, F )-almost periodic and measurable, F1 : (0,∞) × I → (0,∞), p, q ∈
P(R), 1/p(x) + 1/q(x) = 1, (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator
family and (ak) is a sequence of positive real numbers such that
∑∞
k=0 ak = 1. If
for every real numbers x, τ ∈ R we have∫ ∞
−x
‖R(v + x)‖‖gˇ(v)‖ dv <∞,(4.1)
and if, for every t ∈ R and l > 0, we have
H(l, x) :=
∞∑
k=0
akϕ(la
−1
k )
∥∥ϕ(‖R(v + x)‖)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
F (l,−x+ lk)−1 <∞,
(4.2)
∫ t+l
t
ϕp(x)
(
2l−1H(l, x)F1(l, t)
−1
)
dx ≤ 1,(4.3)
resp. if (4.2) holds and there exists l0 > 0 such that for all l ≥ l0 and t ∈ R we
have (4.3), then the function G : R→ Y, given by
G(x) :=
∫ x
−∞
R(x− s)g(s) ds, x ∈ R,(4.4)
is well-defined and (equi-)Weyl-(p, φ, F1)-almost periodic.
Proof. We will prove the theorem only for the class of equi-Weyl-(p, φ, F )-almost
periodic functions. Since G(x) =
∫∞
−xR(v + x)gˇ(v) dv, x ∈ R, the estimate in (4.1)
shows that the function G(·) is well-defined and that the integral in definition of
G(x) converges absolutely (x ∈ R). Furthermore, the same estimate shows that for
each real number τ we have
∫∞
−x ‖R(v + x)‖‖gˇ(v + τ)‖ dv =
∫∞
−(x−τ) ‖R(v + (x −
τ))‖‖gˇ(v)‖ dv <∞, so that the integral in definition of G(x+ τ)−G(x) converges
absolutely (x ∈ R). Let ǫ > 0 be a fixed real number. Then we can find two real
numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
τ ∈ I ′ such that (2.1) holds for the function gˇ(·), with the number τ replaced by
the number −τ therein. Using our assumptions from condition (A1), the Jensen
integral inequality applied to the function φ(·) (see also condition (4.1)), the fact
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that the functions φ(·) and ϕp(x)(·) are monotonically increasing, (1.1) and Lemma
1.1(i), we get that for each real number x ∈ R the following holds:
ϕp(x)
(
φ(‖G(x + τ)−G(x)‖)/λ
)
≤ ϕp(x)
(
φ
(∫ ∞
−x
‖R(v + x)‖‖gˇ(v + τ)− gˇ(v)‖ dv
)
/λ
)
= ϕp(x)
(
φ
( ∞∑
k=0
ak
∫ −x+(k+1)l
−x+kl
a−1k ‖R(v + x)‖‖gˇ(v + τ)− gˇ(v)‖ dv
)
/λ
)
≤ ϕp(x)
(
∞∑
k=0
akφ
(∫ −x+(k+1)l
−x+kl
a−1k ‖R(v + x)‖‖gˇ(v + τ) − gˇ(v)‖ dv
)
/λ
)
≤ ϕp(x)
(
∞∑
k=0
akφ
(
la−1k · l−1
∫ −x+(k+1)l
−x+kl
‖R(v + x)‖‖gˇ(v + τ)− gˇ(v)‖ dv
)
/λ
)
≤ ϕp(x)
(
l−1
∞∑
k=0
akϕ(la
−1
k )
∫ −x+(k+1)l
−x+kl
φ
(
‖R(v + x)‖‖gˇ(v + τ)− gˇ(v)‖
)
dv/λ
)
≤ ϕp(x)
(
l−1
∞∑
k=0
akϕ(la
−1
k )
∫ −x+(k+1)l
−x+kl
ϕ
(‖R(v + x)‖)φ(‖gˇ(v + τ) − gˇ(v)‖) dv/λ
)
≤ ϕp(x)
(
2l−1
∞∑
k=0
akϕ(la
−1
k )
∥∥ϕ(‖R(v + x)‖)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
× φ
(∥∥gˇ(v + τ) − gˇ(v)∥∥)
Lp(v)[−x+kl,−x+(k+1)l]
)
/λ
)
≤ϕp(x)
(
2l−1
∞∑
k=0
akϕ(la
−1
k )
∥∥ϕ(‖R(v + x)‖)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
ǫF (l,−x+ kl)−1/λ
)
.
Let K ⊆ R be an arbitrary compact set. Since the above computation holds for
every real number τ ∈ R and for every arbitrarily large real number l > 0, we
can find t ∈ R such that K ⊆ [t, t + l]. Now we get from (4.3) that the function
φ(‖G(· + τ) −G(·)‖) belongs to the space Lp(x)(K) by definition. Condition (4.3)
and the above computation also imply that for each real number t ∈ R we have∫ t+l
t
ϕp(x)
(
φ(‖G(x + τ)−G(x)‖)/λ
)
dx ≤ 1,
with λ = ǫF1(l, t), which simply implies the final conclusion. 
Remark 4.2. (i) Suppose that p(x) ≡ p ∈ [1,∞). Then condition (4.3) can be
weakened to ∫ t+l
t
ϕp(x)
(
l−1H(l, x)F1(l, t)
−1
)
dx ≤ 1,(4.5)
resp. there exists l0 > 0 such that for all l ≥ l0 and t ∈ R we have (4.5).
(ii) Suppose that φ(x) = ϕ(x) = ψ(x) = x. Then condition (4.3), resp. (4.5),
holds provided that l ≥ 1 and the term in the large brackets in this equation
does not exceed 1/l or that 0 < l < 1 and the term in the large brackets
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in this equation does not exceed 1. Similar comments can be made in the
case of consideration of Theorem 4.4 below (see also Corollary 4.5).
Corollary 4.3. Suppose that condition (A1) holds with I = R, p(x) ≡ p ≥ 1,
1/p+ 1/q = 1, gˇ : R → X is (equi-)Weyl-(p, φ, F )-almost periodic and measurable,
F1 : (0,∞) × I → (0,∞), (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator
family and (ak) is a sequence of positive real numbers such that
∑∞
k=0 ak = 1. If
for every real numbers x, τ ∈ R we have (4.1) and if, for every t ∈ R and l > 0,
we have
Hp(l, x) :=
∞∑
k=0
akϕ(la
−1
k )
∥∥ϕ(‖R(·)‖)∥∥
Lq [kl,(k+1)l]
F (l,−x+ lk)−1 <∞(4.6)
and ∫ t+l
t
(
l−1Hp(l, x)F1(l, t)
−1
)p
dx ≤ 1,(4.7)
resp. if (4.6) holds and there exists l0 > 0 such that for all l ≥ l0 and t ∈ R
we have (4.7), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-(p, φ, F1)-almost periodic.
Now we will state and prove the following result with regards to the class of
(equi-)Weyl-[p, φ, F ]-almost periodic functions:
Theorem 4.4. Suppose that condition (B1) holds with I = R, g : R → X is
measurable, ω : (0,∞) → (0,∞), F : (0,∞) × I → (0,∞), (ak) is a sequence of
positive real numbers such that
∑∞
k=0 ak = 1, (bk)k≥0 is a sequence of positive real
numbers, S : (0,∞)×R→ (0,∞) is a given function, as well as for each ǫ > 0 we
can find two real numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length
L contains a point τ ∈ I ′ such that
sup
x∈[0,1]
[
φ
(∥∥g(xl + t− r − k + τ)− g(xl + t− r − k)∥∥)
Lp(r)[0,1]
]
≤ ω(ǫ)bkS(l, t)
(4.8)
for any integer k ≥ 0 and real number t ∈ R. Suppose, further, that the second
inequality in (4.1) holds, p, q ∈ P([0, 1]), 1/p(x) + 1/q(x) = 1 and (R(t))t>0 ⊆
L(X,Y ) is a strongly continuous operator family. If for every real numbers t, τ ∈ R,
every positive real number l > 0 and every real number x ∈ [0, 1] we have∫ ∞
0
‖R(v)‖‖g(xl+ t+ τ − v)− g(xl + t− v)‖ dv <∞,(4.9)
and if, for every t ∈ R, x ∈ [0, 1] and l, ǫ > 0, we have
W (x) :=
∞∑
k=0
akϕ
(
a−1k
)∥∥ϕ(‖R(v + x)‖)∥∥
Lq(v)[0,1]
bk <∞,(4.10)
∫ 1
0
ϕp(x)
(
2ǫ−1F1(l, t)
−1ω(ǫ)S(l, t)W (x)
)
dx ≤ 1,(4.11)
resp. if (4.10) holds and there exists l0 > 0 such that for all l ≥ l0, ǫ > 0 and t ∈ R
we have (4.11), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-[p, φ, F1]-almost periodic.
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Proof. We will prove the theorem only for the class of equi-Weyl-[p, φ, F ]-almost
periodic functions. As above, the function G(·) is well-defined. Let ǫ > 0 be a fixed
real number. Then we can find two real numbers l > 0 and L > 0 such that any
interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that (4.8) holds for any
integer k ≥ 0 and any real number t ∈ R. Using our assumptions from condition
(B1), the Jensen integral inequality applied to the function φ(·) (see also condition
(4.9)), the fact that the functions φ(·) and ϕp(x)(·) are monotonically increasing,
(1.1) and Lemma 1.1(i), we get that, for every real numbers x ∈ [0, 1] and t ∈ R,
the following holds:
ϕp(x)
(
φ(‖G(xl + t+ τ)−G(xl + t)‖)/λ
)
≤ϕp(x)
(
φ
(∫ ∞
0
‖R(v)‖‖g(xl + t+ τ − v)− g(xl + t− v)‖ dv
)
/λ
)
=ϕp(x)
(
φ
( ∞∑
k=0
ak
∫ 1
0
a−1k ‖R(v + k)‖‖g(xl+ t+ τ − v − k)− g(xl + t− v − k)‖ dv
)
/λ
)
≤ϕp(x)
(
∞∑
k=0
ak
∫ 1
0
φ
(
a−1k ‖R(v + k)‖‖g(xl+ t+ τ − v − k)− g(xl + t− v − k)‖ dv
)
/λ
)
≤ϕp(x)
(
∞∑
k=0
akϕ
(
a−1k
) ∫ 1
0
ϕ
(‖R(v + k)‖)
×φ
(
‖g(xl + t+ τ − v − k)− g(xl + t− v − k)‖
)
dv/λ
)
≤ϕp(x)
(
2
λ
∞∑
k=0
akϕ
(
a−1k
)
ϕ
(‖R(v + k)‖)
Lq(v)[0,1]
×φ
(
‖g(xl + t+ τ − v − k)− g(xl + t− v − k)‖
)
Lp(v)[0,1]
)
≤ϕp(x)
(
2
λ
∞∑
k=0
akϕ
(
a−1k
)
ϕ
(‖R(v + k)‖)
Lq(v)[0,1]
ω(ǫ)bkS(l, t)
)
.
Arguing as in the proof of Theorem 4.1, we get from condition (4.11) that the
function φ(‖G(·l+ t+ τ)−G(t+ ·l)‖) belongs to the space Lp(·)([0, 1]) for arbitrary
real numbers τ, t ∈ R and l > 0. Condition (4.11) implies that for each real numbers
t ∈ R and x ∈ [0, 1] we have∫ 1
0
ϕp(x)
(
φ(‖G(xl + t+ τ)−G(xl + t)‖)/λ
)
dx ≤ 1,
with λ = ǫF1(l, t)
−1, which simply implies the final conclusion. 
Corollary 4.5. Suppose that condition (B1) holds with I = R and p(x) ≡ p ∈
[1,∞), 1/p+ 1/q = 1, g : R → X is measurable, ω : (0,∞)→ (0,∞), F : (0,∞)×
I → (0,∞), (ak) is a sequence of positive real numbers such that
∑∞
k=0 ak = 1,
(bk)k≥0 is a sequence of positive real numbers, S : (0,∞)× R → (0,∞) is a given
function, as well as for each ǫ > 0 we can find real numbers l > 0 and L > 0 such
that any interval I ′ ⊆ I of length L contains a point τ ∈ I ′ such that (4.8) holds
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with p(r) ≡ p, for any integer k ≥ 0 and any real number t ∈ R. Suppose, further,
that the second inequality in (4.1) holds, and (R(t))t>0 ⊆ L(X,Y ) is a strongly
continuous operator family. If for every real numbers t, τ ∈ R, every positive real
number l > 0 and every real number x ∈ [0, 1] we have (4.9), and if, for every
t ∈ R, x ∈ [0, 1] and l > 0, we have
Wp(x) :=
∞∑
k=0
akϕ
(
a−1k
)∥∥ϕ(‖R(·)‖)∥∥
Lq [x,x+1]
bk <∞(4.12)
and ∫ 1
0
ϕp(x)
(
2F1(l, t)
−1S(l, t)Wp(x)
)
dx ≤ 1,(4.13)
resp. if (4.12) holds and there exists l0 > 0 such that for all l ≥ l0 and t ∈ R
we have (4.13), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-[p, φ, F1]-almost periodic.
Concerning Theorem 4.4, it should be noted that, in [6, Proposition 6.1], we have
analyzed the situation in which the function gˇ : R→ X is Sp(x)-almost periodic and∑∞
k=0 ‖R(·+ k)‖Lq(·)[0,1] <∞. Then the resulting function G(·) is almost periodic,
which cannot be derived from the above-mentioned theorem.
For the class of (equi-)Weyl-(p, φ, F )1-almost periodic functions, we will state
the following result:
Theorem 4.6. Suppose that gˇ : R → X is (equi-)Weyl-(p, φ, F )1-almost periodic
and measurable, F1 : (0,∞) × I → (0,∞), p, q ∈ P(R), 1/p(x) + 1/q(x) = 1,
(R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator family and for every real
numbers x, τ ∈ R we have (4.1). Suppose that, for every real number t ∈ R and
positive real numbers l, ǫ > 0, there exist two positive real numbers a > 0 and λ > 0
such that λ ≤ a, [0, a] ⊆ φ−1([0, ǫF (l, t)−1]),
∞∑
k=0
∥∥R(v + x)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
supφ−1
([
0, ǫF (l,−x+ kl)−1]) <∞(4.14)
and
∫ t+l
t
ϕp(x)
(
2
∑∞
k=0
∥∥R(v + x)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
supφ−1
([
0, ǫF (l,−x+ kl)−1])
λ
)
dx ≤ 1,
(4.15)
resp. (4.14) holds and there exists l0 > 0 such that for all l ≥ l0, ǫ > 0 and t ∈ R
we have (4.15), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-(p, φ, F1)1-almost periodic.
Proof. As in the proof of Theorem 4.1, we have that the function G(·) is well-defined
and the integrals in definitions of G(x) and G(x + τ) − G(x) converge absolutely
(x, τ ∈ R). By Lemma 1.1(ii), we get that the function G(·+ τ)−G(·) belongs to
the space Lp(x)(K) for each compact set K ⊆ R. The remainder follows similarly
as in the proof of Theorem 4.1, by using condition (4.14), as well as the estimates
‖G(x+ τ) −G(x)‖ ≤ 2
∞∑
k=0
∥∥R(v + x)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
× ∥∥gˇ(v + τ)− gˇ(v)∥∥
Lp(v)[−x+kl,−x+(k+1)l]
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and ∥∥gˇ(v + τ)− gˇ(v)∥∥
Lp(v)[−x+kl,−x+(k+1)l]
≤ supφ−1
([
0, ǫF (l,−x+ kl)−1]),
and the equivalence relation
φ
(∥∥G(·+ τ) −G(·)∥∥
Lp(x)[t,t+l]
)
≤ ǫF1(l, t)−1
⇔ ∥∥G(·+ τ)−G(·)∥∥
Lp(x)[t,t+l]
≤ φ−1
([
0, ǫF1(l, t)
−1
])
,
for any x, t, τ ∈ R and l > 0. 
Concerning the class of (equi-)Weyl-[p, φ, F ]1-almost periodic functions, we can
state the following result; the proof can be deduced as above and therefore omitted
(we can similarly formulate analogues of Corollary 4.3 and Corollary 4.5, as well as
the conclusions from Remark 4.2):
Theorem 4.7. Suppose that g : R → X is measurable, ω : (0,∞) → (0,∞),
F : (0,∞)×I → (0,∞), (bk)k≥0 is a sequence of positive real numbers, S : (0,∞)×
R → (0,∞) is a given function, as well as for each ǫ > 0 we can find two real
numbers l > 0 and L > 0 such that any interval I ′ ⊆ I of length L contains a point
τ ∈ I ′ such that
sup
x∈[0,1]
[∥∥g(xl + t− r − k + τ)− g(xl + t− r − k)∥∥
Lp(r)[0,1]
]
≤ ω(ǫ)bkS(l, t)
for any integer k ≥ 0 and real number t ∈ R. Suppose, further, that the second
inequality in (4.1) holds, p, q ∈ P([0, 1]), 1/p(x) + 1/q(x) = 1 and (R(t))t>0 ⊆
L(X,Y ) is a strongly continuous operator family. If for every real numbers t, τ ∈ R,
every positive real number l > 0 and every real number x ∈ [0, 1] we have (4.9), if
W2(x) :=
∞∑
k=0
∥∥R(v + x)∥∥
Lq(v)[0,1]
bk <∞, x ∈ [0, 1],(4.16)
and if, for every t ∈ R and l, ǫ > 0, we have the existence of two positive real
numbers a > 0 and λ > 0 such that λ ≤ a, [0, a] ⊆ φ−1([0, ǫF1(l, t)−1]) and∫ 1
0
ϕp(x)
(
2
ω(ǫ)S(l, t)W2(x)
λ
)
dx ≤ 1,(4.17)
resp. if (4.16) holds and there exists l0 > 0 such that for all l ≥ l0, ǫ > 0 and t ∈ R
we have (4.17), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-[p, φ, F1]-almost periodic.
Remark 4.8. The assertions of Theorem 4.6, resp. Theorem 4.7, can be much
simpler formulated provided that:
(A2): The function φ : [0,∞) → [0,∞) is a monotonically increasing bijection
and p ∈ P(R), resp.
(B2): The function φ : [0,∞) → [0,∞) is a monotonically increasing bijection
and p ∈ P([0, 1]).
Any of these conditions implies that the function φ−1 : [0,∞) → [0,∞) is a
monotonically increasing bijection, as well. If condition (A2), resp. (B2), holds,
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then the class of (equi-)Weyl-(p, φ, F )2-almost periodic functions, resp. (equi-
)Weyl-[p, φ, F ]2-almost periodic functions, coincides with the class of (equi-)Weyl-
(p, x, F )2-almost periodic functions, resp. (equi-)Weyl-[p, x, F ]2-almost periodic
functions.
Concerning the invariance of (equi-)Weyl-(p, φ, F )2-almost periodicity and (equi-
)Weyl-[p, φ, F ]2-almost periodicity under the actions of infinite convolution prod-
ucts, we will only state the following analogues of Theorem 4.6 and Theorem 4.7:
Theorem 4.9. Suppose that gˇ : R → X is (equi-)Weyl-(p, φ, F )2-almost periodic
and measurable, F1 : (0,∞) × I → (0,∞), p, q ∈ P(R), 1/p(x) + 1/q(x) = 1,
(R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator family and for every real
numbers x, τ ∈ R we have (4.1). Suppose that, for every real number t ∈ R and
positive real numbers l, ǫ > 0, there exist two positive real numbers a > 0 and λ > 0
such that λ ≤ a, [0, a] ⊆ F (l, t)−1φ−1([0, ǫ]),
∞∑
k=0
∥∥R(v + x)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
F (l,−x+ kl)−1 <∞(4.18)
and
∫ t+l
t
ϕp(x)
(
2
∑∞
k=0
∥∥R(v + x)∥∥
Lq(v)[−x+kl,−x+(k+1)l]
F (l,−x+ kl)−1 supφ−1([0, ǫ])
λ
)
dx ≤ 1,
(4.19)
resp. (4.18) holds and there exists l0 > 0 such that for all l ≥ l0, ǫ > 0 and t ∈ R
we have (4.19), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-(p, φ, F1)2-almost periodic.
Theorem 4.10. Suppose that, with the exception of equation (4.17), all remaining
assumptions from the formulation of Theorem 4.7 hold. If for every t ∈ R and
l, ǫ > 0 we have the existence of two positive real numbers a > 0 and λ > 0 such
that λ ≤ a, [0, a] ⊆ F1(l, t)−1φ−1([0, ǫ]) and∫ 1
0
ϕp(x)
(
2
ω(ǫ)S(l, t)W2(x)
λ
)
dx ≤ 1,(4.20)
resp. if (4.16) holds and there exists l0 > 0 such that for all l ≥ l0, ǫ > 0 and t ∈ R
we have (4.20), then the function G : R → Y, given by (4.4), is well-defined and
(equi-)Weyl-[p, φ, F2]-almost periodic.
The invariance of asymptotical Weyl-p-almost periodicity under the action of
finite convolution product, where the exponent p ∈ [1,∞) has a constant value,
has been examined in [21, Proposition 5.3, Example 5.4-5.6] and [14, Proposition 1,
Remark 2-Remark 5]. Concerning the invariance of asymptotical Weyl-p(x)-almost
periodicity under the action of finite convolution product, we will state and prove
only one proposition (see [6, Proposition 6.3] for a corresponding result regarding
asymptotical Stepanov-p(x)-almost periodicity). In order to do that, suppose that
(see also Definition 3.10, where the domain of function g(·) is the non-negative
real axis) there exist two functions g : R → X and q : [0,∞) → X such that
h(t) = g(t) + q(t) for a.e. t ≥ 0, g(·) belongs to some of function spaces introduced
in Definition 2.1-Definition 2.3 or Definition 2.7-Definition 2.9, with I = R, and
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q(·) belongs to some of function spaces introduced in Definition 3.1-Definition 3.3,
with I = [0,∞). The study of qualitative properties of the function
t 7→ H(t) ≡
∫ t
0
R(t− s)[g(s) + q(s)] ds, t ≥ 0
is based on the decomposition
H(t) =
∫ t
0
R(t− s)q(s) ds+
[∫ t
−∞
R(t− s)g(s) ds−
∫ ∞
t
R(s)g(t− s) ds
]
, t ≥ 0
and the use of corresponding results for infinite convolution product. In the follow-
ing proposition, we will consider the qualitative properties of functions
t 7→ H1(t) ≡
∫ ∞
t
R(s)g(t− s) ds, t ≥ 0(4.21)
and
t 7→ H2(t) ≡
∫ t
0
R(t− s)q(s) ds, t ≥ 0(4.22)
separately. In the first part of proposition, we continue our analysis from [7, Propo-
sition 5.2]; our previous results show that the case p(x) ≡ p > 1 is not simple in
the analysis of asymptotical Weyl-p-almost periodicity so that we will consider the
case p(x) ≡ 1 in the second part, with the notion introduced in Definition 3.1(i)
only (cf. also [21, Proposition 5.3(i)]).
Proposition 4.11. (i) Suppose that p, q ∈ P([0, 1]), 1/p(x) + 1/q(x) = 1
and (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator family. Let
the function gˇ : R → X be Stepanov p(x)-bounded and let for each t ≥ 0
the series
∑∞
k=0 ‖R(· + t + k)‖Lq(·)[0,1] ≡ S(t) be convergent. Then the
function H1(·), given by (4.21), is well-defined. Furthermore, this function
is continuous provided that the Bochner transform ˆˇg : R → Lp(x)([0, 1]) is
uniformly continuous, while the function H1(·) satisfies limt→+∞H1(t) = 0
provided that limt→+∞ S(t) = 0.
(ii) Suppose that (R(t))t>0 ⊆ L(X,Y ) is a strongly continuous operator family
such that
∫∞
0 ‖R(s)‖L(X,Y ) ds < ∞. Let the function q : [0,∞) → Y be
equi-Weyl-(1, x, F )-vanishing and let F1 : (0,∞) × [0,∞) → (0,∞). If for
each ǫ > 0 there exists l0 > 0 such that for each l > l0 there exists t0,l > 0
such that for each t ≥ t0,l we have
sup
x≥0
[
F1(l, t)
∫ x+t
0
[∫ x+t+l
x+t
∥∥R(s− r)∥∥
L(X,Y )
ds
]∥∥q(r)∥∥
Y
dr
]
< ǫ,
and if, additionally, there exists a finite constant M > 0 such that
F1(l, t)
F (l, t)
≤M, l > 0, t ≥ 0,(4.23)
then the function H2(·) is equi-Weyl-(1, x, F1)-vanishing.
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Proof. (i): The first part follows from the Stepanov p(x)-boundedness of function
gˇ(·) and the following simple computation∥∥∥∥∥
∫ ∞
t
R(s)gˇ(s− t) ds
∥∥∥∥∥ =
∥∥∥∥∥
∞∑
k=0
∫ 1
0
R(s+ t+ k)gˇ(s+ k) ds
∥∥∥∥∥
≤ 2
∞∑
k=0
∥∥R(·+ t+ k)∥∥
Lq(·)[0,1]
sup
k∈N0
∥∥gˇ(·+ k)∥∥
Lp(·)[0,1]
.
This computation also shows that limt→+∞H1(t) = 0 provided that limt→+∞ S(t) =
0. For remainder, let us suppose that the function ˆˇg : R→ Lp(x)([0, 1]) is uniformly
continuous. Let (tn) be a sequence of non-negative reals converging to a number
t ≥ 0. Then we can use the Ho¨lder inequality and the decomposition∫ ∞
t
R(s)g(t− s) ds−
∫ ∞
tn
R(s)g
(
tn − s
)
ds
=
∫ ∞
t
R(s)
[
gˇ(s− t)− gˇ(s− tn)] ds+
∫ tn
t
R(s)gˇ(s− t) ds, n ∈ N
in order to see that∥∥∥∥∥
∫ ∞
t
R(s)g(t− s) ds−
∫ ∞
tn
R(s)g
(
tn − s
)
ds
∥∥∥∥∥
≤ 2
∞∑
k=0
‖R(·+ t+ k)‖Lq(·)[0,1] sup
k∈N0
∥∥gˇ(·+ k)− gˇ(·+ k + (t− tn))∥∥Lp(·)[0,1]
+ 2
∥∥R(·)∥∥
Lq(·)[0,|tn−t|]
∥∥gˇ(·)∥∥
Lp(·)[0,1]
, n ∈ N.
Since
∥∥R(·)∥∥
Lq(·)[0,|tn−t|]
→ 0 as n→ +∞ (see, e.g., [10, Lemma 3.2.8(c)]) and the
function ˆˇg : R → Lp(x)([0, 1]) is uniformly continuous, the proof of the first part is
completed.
(ii): By the proof of [21, Proposition 5.3(i)], we have
F1(l, t)
∫ x+t+l
x+t
∥∥H2(s)∥∥Y ds ≤ F1(l, t)
∫ x+t
0
[ ∫ x+t+l
x+t
∥∥R(s− r)∥∥
L(X,Y )
ds
]∥∥q(r)∥∥
Y
dr
+ F1(l, t)
[∫ ∞
0
∥∥R(v)∥∥
L(X,Y )
dv
]
·
∫ x+t+l
x+t
∥∥q(r)∥∥
Y
dr,
for any x ≥ 0 and l > 0. Our preassumption shows that the first addend is
equi-Weyl-(1, x, F1)-vanishing. The second addend is likewise equi-Weyl-(1, x, F1)-
vanishing because we have assumed that the function q(·) is equi-Weyl-(1, x, F )-
vanishing and condition (4.23). 
We round off this section by examing the convolution invariance of Weyl almost
periodic functions with variable exponent. In order to do that, we shall basically
follow the method proposed in the proof of Theorem 4.1.
Proposition 4.12. Suppose that I = R, ψ ∈ L1(R), (ak)k∈Z is a sequence of
positive real numbers satisfying
∑
k∈Z ak = 1 and condition (A1) holds true. Let
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f ∈ (e−)W (p,φ,F )ap (R : X) ∩ L∞(R : X). Then the function
x 7→ (ψ ∗ f)(x) :=
∫ +∞
−∞
ψ(x − y)f(y) dy, x ∈ R(4.24)
is well-defined and belongs to the space L∞(R : X). Furthermore, if p1 ∈ P(R),
F1 : (0,∞)× R→ (0,∞) and if, for every t ∈ R and l > 0, we have
∫ t+l
t
ϕp1(x)
(
2l−1F1(l, t)ϕ(l)
∑
k∈Z
ak
∥∥ϕ(a−1k ψ(x− z))∥∥Lq(z)[x−(k+1)l,x−kl]
F (l, x− (k + 1)l)
)
dx ≤ 1,
(4.25)
then we have ψ ∗ f ∈ (e−)W (p1,φ,F1)ap (R : X).
Proof. The proof can be deduced by using the arguments contained in the proof of
Theorem 4.1, the equality∥∥∥φ(‖(ψ ∗ f)(·+ τ) − (ψ ∗ f)(·)‖)∥∥∥
Lp1(·)[t,t+l]
= inf
{
λ > 0 :
∫ t+l
t
ϕp1(x)
(
φ
(‖(ψ ∗ f)(x+ τ)− (ψ ∗ f)(x)‖)
λ
)
dx ≤ 1
}
= inf
{
λ > 0 :
∫ t+l
t
ϕp1(x)
(
φ
(‖ ∫ +∞−∞ ψ(y)[f(x+ τ − y)− f(x− y)] dy‖)
λ
)
dx ≤ 1
}
and the following computation:∫ t+l
t
ϕp1(x)
(
φ
(‖ ∫+∞−∞ ψ(y)[f(x + τ − y)− f(x− y)] dy‖)
λ
)
dx
≤
∫ t+l
t
ϕp1(x)
(
φ
(∑
k∈Z ak‖
∫ (k+1)l
kl a
−1
k ψ(y)[f(x+ τ − y)− f(x− y)] dy‖
)
λ
)
dx
≤
∫ t+l
t
ϕp1(x)
(∑
k∈Z akφ
(
l−1l‖ ∫ (k+1)lkl a−1k ψ(y)[f(x+ τ − y)− f(x− y)] dy‖)
λ
)
dx
≤
∫ t+l
t
ϕp1(x)
(∑
k∈Z akϕ(l)l
−1
∫ (k+1)l
kl
φ
(
a−1k ψ(y)‖f(x+ τ − y)− f(x− y)‖
)
dy
λ
)
dx
≤
∫ t+l
t
ϕp1(x)
(∑
k∈Z akϕ(l)l
−1
∫ (k+1)l
kl
ϕ
(
a−1k ψ(y)
)
φ
(‖f(x+ τ − y)− f(x− y)‖) dy
λ
)
dx
=
∫ t+l
t
ϕp1(x)
(∑
k∈Z akϕ(l)l
−1
∫ x−kl
x−(k+1)l ϕ
(
a−1k ψ(x − z)
)
φ
(‖f(z + τ)− f(z)‖) dz
λ
)
dx
≤
∫ t+l
t
ϕp1(x)
(
2
∑
k∈Z
akϕ(l)l
−1
∥∥ϕ(a−1k ψ(x − z))∥∥Lq(z)[x−(k+1)l,x−kl]
×
∥∥φ(‖f(z + τ)− f(z)‖)∥∥
Lp(z)[x−(k+1)l,x−kl]
λ
)
dx,
which is valid for every t, τ ∈ R and l > 0. 
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We can similarly prove the following result for the class of (equi-)Weyl-[p, φ, F ]-
almost periodic functions:
Proposition 4.13. Suppose that I = R, ψ ∈ L1(R), (ak)k∈Z is a sequence of
positive real numbers satisfying
∑
k∈Z ak = 1 and condition (B1) holds true. Let
f ∈ (e−)W [p,φ,F ]ap (R : X)∩L∞(R : X). Then the function (ψ∗f)(·) defined by (4.24)
belongs to the space L∞(R : X). Furthermore, if p1 ∈ P([0, 1]), F1 : (0,∞)× R →
(0,∞) and if, for every t ∈ R and l > 0, we have
∫ 1
0
ϕp1(x)
(
2F1(l, t)
∑
k∈Z
∥∥ϕ(la−1k ψ(xl − (z + k)l))∥∥Lq(z)[0,1]
F (l, t+ kl)
)
dx ≤ 1,(4.26)
then we have ψ ∗ f ∈ (e−)W [p1,φ,F1]ap (R : X).
In the case of consideration of constant coefficients, the coefficient 2 in the equa-
tions (4.25) and (4.26) can be neglected. The interested reader may try to formulate
the corresponding results for the classes of (equi-)Weyl-(p, φ, F )i-almost periodic
functions and (equi-)Weyl-[p, φ, F ]i-almost periodic functions, where i = 1, 2, as
well as to formulate an extension of [21, Proposition 4.3] for Weyl almost periodic
functions with variable exponent.
4.1. Growth order of (R(t))t>0. In this subsection, we will analyze solution op-
erator families (R(t))t>0 ⊆ L(X,Y ) which satisfies condition
‖R(t)‖L(X,Y ) ≤
Mtβ−1
1 + tγ
, t > 0 for some finite constants γ > 1, β ∈ (0, 1], M > 0,
(4.27)
or condition
‖R(t)‖L(X,Y ) ≤Mtβ−1e−ct, t > 0 for some finite constants β ∈ (0, 1] and c > 0.
(4.28)
For simplicity, we will analyze only the constant exponents p(x) ≡ p ∈ [1,∞)
as well the class of (equi-)Weyl-(p, φ, F )-almost periodic functions and the class of
(equi-)Weyl-(p, φ, F )i-almost periodic functions, where i = 1, 2. So, let 1/p+1/q = 1
and let (R(t))t>0 ⊆ L(X,Y ) satisfy (4.27) or (4.28). We will additionally assume
that q(β − 1) > −1 provided that p > 1, resp. β = 1, provided that p = 1.
In [18, Proposition 2.11.1, Theorem 2.11.4], the author has investigated the
estimate (4.27) and case p(x) ≡ p ∈ [1,∞), where the resulting function G(·) is
also bounded and continuous (see also [14] and [20]). We would like to note that
Theorem 4.1 provides a new way of looking at the invariance of the (equi-)Weyl-p-
almost periodicity under the action of infinite convolution product as well as that
the (equi-)Weyl-p-almost periodicity in [18, Theorem 2.11.4] can be proved directly
from Corollary 4.3. Let us explain this in more detail. Let a function g : R → X
be (equi-)Weyl-p-almost periodic. Then the function G : R → Y, defined through
(4.4), is (equi-)Weyl-p-almost periodic and we can show this in the following way.
It is clear that the function gˇ(·) is also (equi-)Weyl-p-almost periodic. By Corollary
4.3, with an arbitrary sequence of positive real numbers such that
∑∞
k=0 ak = 1
and the function ϕ(x) ≡ x, observing also that the class of (equi-)Weyl-p-almost
periodic functions is closed under pointwise multiplications with scalars, it suffices
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to show, by considering the function (M−1R(t))t>0 for a sufficiently large real
number M > 0, that for every real numbers t ∈ R and l > 0 we have∫ t+l
t
(
∞∑
k=0
(∫ (k+1)l
kl
t(β−1)q dt
(1 + tγ)q
)1/q)p
dx ≤ Const.,(4.29)
provided that p > 1, resp.∫ t+l
t
∞∑
k=0
∥∥∥ ·β−1
1 + ·γ
∥∥∥
L∞[kl,(k+1)l]
dx ≤ Const.,(4.30)
provided that p = 1. As∫ (k+1)l
kl
t(β−1)q dt
(1 + tγ)q
≤ 1
1 + kqγ lqγ
(k + 1)(β−1)ql(β−1)q+1, k ∈ N0,
the estimate (4.29) follows from the inequality (β − 1 + (1/q)− γ)p+ 1 ≤ 0, which
is true. The estimate (4.30) is much simpler and follows from the inequality γ > 1.
Concerning Theorem 4.6 and Theorem 4.9, we will provide two illustrative ex-
amples:
Example 4.14. Suppose that φ(x) = xα, x ≥ 0, where α > 0. If the estimate
(4.27) holds, then condition (4.14) holds provided that, for every x ∈ R and l > 0,
we have
∞∑
k=0
kβ−1−γ
[
F (l,−x+ kl)](−1)/α <∞,
while condition (4.15) holds provided that, for every t ∈ R and l > 0, we have
∫ t+l
t
((
1
1 + kqγ lqγ
(k + 1)(β−1)ql(β−1)q+1
)1/q(
F (l, t)
F (l,−x+ kl)
)1/α)p
dx ≤ 1,
if p > 1, resp. ∫ t+l
t
(kl)β−1
1 + kγlγ
(
F (l, t)
F (l,−x+ kl)
)1/α
dx ≤ 1,
if p = 1. If the estimate (4.28) holds, then condition (4.14) holds provided that, for
every x ∈ R and l > 0, we have
∞∑
k=0
e−ckkβ−1
[
F (l,−x+ kl)](−1)/α <∞,
while condition (4.15) holds provided that, for every t ∈ R and l > 0, we have
∫ t+l
t
(
e−ck(kl)β−1
(
F (l, t)
F (l,−x+ kl)
)1/α)p
dx ≤ 1.
Example 4.15. Suppose that condition (A2) holds. If the estimate (4.27) holds,
then condition (4.18) holds provided that
∞∑
k=0
kβ−1−γF (l,−x+ kl)−1 <∞,
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while condition (4.19) holds provided that, for every t ∈ R and l > 0, we have
∫ t+l
t
((
1
1 + kqγ lqγ
(k + 1)(β−1)ql(β−1)q+1
)1/q
F (l, t)
F (l,−x+ kl)
)p
dx ≤ 1,
if p > 1, resp. ∫ t+l
t
(kl)β−1
1 + kγlγ
F (l, t)
F (l,−x+ kl) dx ≤ 1,
if p = 1. If the estimate (4.28) holds, then (4.18) holds provided that, for every
x ∈ R and l > 0, we have
∞∑
k=0
e−ckkβ−1
[
F (l,−x+ kl)](−1) <∞,
while condition (4.19) holds provided that, for every t ∈ R and l > 0, we have∫ t+l
t
(
e−ck(kl)β−1
F (l, t)
F (l,−x+ kl)
)p
dx ≤ 1.
4.2. Some applications. In this subsection, we will briefly explain how one can
provide certain applications of obtained theoretical results to abstract degenerate
fractional differential inclusions. For further information about fractional calculus
and fractional differential equations, we refer to [3], [11], [16], [17]; for abstract
degenerate integro-differential equations and inclusions, we refer to [13], [19] and
[26].
We need to remind ourselves of the following definitions of Caputo fractional
derivatives and Weyl-Liouville fractional derivatives. Suppose ζ ∈ (0, 1) and u :
[0,∞)→ X satisfies, for every T > 0, u ∈ C((0, T ] : X), u(·)−u(0) ∈ L1((0, T ) : X)
and g1−ζ ∗ (u(·) − u(0)) ∈ W 1,1((0, T ) : X). Then the Caputo fractional derivative
D
ζ
tu(t) is defined by
D
ζ
tu(t) :=
d
dt
[
g1−ζ ∗
(
u(·)− u(0)
)]
(t), t ∈ (0, T ].
The Weyl-Liouville fractional derivative Dζt,+u(t) of order ζ is defined for those
continuous functions u : R → X such that t 7→ ∫ t−∞ g1−ζ(t − s)u(s) ds, t ∈ R is a
well-defined continuously differentiable function, by
Dζt,+u(t) :=
d
dt
∫ t
−∞
g1−ζ(t− s)u(s) ds, t ∈ R.
Set D1tu(t) := (d/dt)u(t) and D
1
t,+u(t) := −(d/dt)u(t).
Of importance is the following abstract Cauchy relaxation differential inclusion
Dζt,+u(t) ∈ −Au(t) + g(t), t ∈ R,(4.31)
where 0 < ζ ≤ 1, the function g : R → X satisfies certain assumptions and A
is a closed MLO. If A satisfies condition [18, (P)], then there exists a strongly
continuous operator family (Rζ(t))t>0 satisfying the esimate of type (4.27), in the
case ζ ∈ (0, 1), or estimate of type (4.28), in the case ζ = 1. Since a mild solution
of (4.31) is given by t 7→ u(t) ≡ ∫ t
−∞
Rζ(t − s)g(s), t ∈ R, applications of results
obtained in this section are straightforward.
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Of importance is also the following fractional relaxation inclusion
(DFP)f,ζ :
{
D
ζ
tu(t) ∈ Au(t) + f(t), t > 0,
u(0) = u0,
where 0 < ζ ≤ 1, u0 ∈ X, the function f : [0,∞)→ X satisfies certain assumptions
and A is a closed MLO. If A satisfies condition [18, (P)], then there exists a strongly
continuous operator family (Sζ(t))t>0 satisfying the esimate of type (4.27), in the
case ζ ∈ (0, 1), or estimate of type (4.28), in the case ζ = 1, such that the unique
mild solution of problem (DFP)f,ζ is given by t 7→ u(t) ≡ Sζ(t)u0+
∫ t
0 Sζ(t−s)f(s),
t ≥ 0, where u0 belongs to the continuity set of (Sζ(t))t>0, i.e., limt→0+ Sζ(t)u0 =
u0. Moreover, limt→+∞ Sζ(t)u0 = 0 and Proposition 4.11 can be straightforwardly
applied.
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